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Abstract. We prove that the best constant in the one-dimensional Lieb–Thirring
inequality with exponent one is 4{p3

?
3πq, confirming the Lieb–Thirring conjecture

in this case. Moreover, we extend the inequality to operator-valued potentials and
obtain the bound L1,d ď p2{

?
3qLcl

1,d in every dimension.

1. Introduction

For a one-dimensional Schrödinger operator ´d2{dx2 ´V , the lowest negative eigen-
value λ1 satisfies the sharp bound [Kel61, LT76]

|λ1| ď
4

3
?

3π

ż

R
V pxq

3{2
` dx ,

where V` “ maxtV, 0u. Lieb and Thirring [LT76] conjectured that the same estimate
holds with |λ1| replaced by the sum of the absolute values of all negative eigenvalues.
In this paper we prove this conjecture.

Theorem 1. Let V P L3{2pRq be real-valued. Then the negative eigenvalues tλkukě1
of ´d2{dx2 ´ V satisfy

ÿ

kě1
|λk| ď

4
3
?

3π

ż

R
V pxq

3{2
` dx .

The constant is sharp.

Equality holds for V pxq “ 3
4 sech2 x, which produces a single negative eigenvalue,

λ1 “ ´1{4.
This question belongs to the general problem of determining the optimal constants

in the celebrated Lieb–Thirring inequalities
ÿ

kě1
|λk|

γ
ď Lγ,d

ż

Rd

V pxq
γ`d{2
` dx ,

where tλkukě1 are the negative eigenvalues of ´∆ ´ V in L2pRdq, counted with mul-
tiplicity, and Lγ,d denotes the optimal constant. For real-valued V P Lγ`d{2pRdq, Lieb
and Thirring [LT76] proved these bounds for γ ą 1{2 if d “ 1 and γ ą 0 if d ě 2. The
endpoints γ “ 1{2, d “ 1, and γ “ 0, d ě 3, were established by Weidl [Wei96] and
Cwikel, Lieb, and Rozenblum [Cwi77, Lie76, Roz72, Roz76], respectively.
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The lowest eigenvalue and the semiclassical limit give two competing lower bounds
on Lγ,d. The first is the sharp constant L

p1q

γ,d for the lowest eigenvalue alone; the opening
inequality gives L

p1q

1,1 “ 4{p3
?

3πq. The second is the semiclassical constant

Lcl
γ,d “

Γpγ ` 1q

p4πqd{2Γpγ ` 1 ` d{2q
,

which follows from Weyl asymptotics in the strong-coupling limit. The original con-
jecture of Lieb and Thirring proposes that the optimal constant is determined by one
of these two regimes, namely a single bound state, or the semiclassical limit in which
the number of bound states tends to infinity. In terms of the constants, it asserts that

Lγ,d “ max
␣

L
p1q

γ,d, Lcl
γ,d

(

.

Until now, the conjecture had been proved only for γ ě 3{2 in every dimension and
for γ “ 1{2 in one dimension. The one-dimensional case γ “ 3{2 predates Lieb and
Thirring’s work and follows from the KdV trace identities [BF60, ZF71, GGKM74];
Aizenman–Lieb monotonicity [AL78] gives all γ ą 3{2. Laptev and Weidl [LW00]
established the result for d ą 1, while Hundertmark, Lieb, and Thomas [HLT98]
proved L1{2,1 “ L

p1q

1{2,1 “ 1{2. In one dimension, the single-eigenvalue constant is the
larger candidate for 1{2 ď γ ă 3{2, and the two constants coincide at γ “ 3{2.
Numerical investigations support the one-dimensional conjecture [Lev14] and suggest
periodic optimizers in two dimensions [FGL21b].

By contrast, the conjecture fails in several higher-dimensional ranges, including d “

3, 1{2 ă γ ă 1 [HR90, FGL21a]. We refer to the surveys [Fra21, Sch22, Fra23, Nam23]
and the monograph [FLW22] for further background.

The exponent γ “ 1 is of particular importance. The dual kinetic inequality is the
key estimate in Lieb and Thirring’s proof of the stability of matter [LT75]. In one di-
mension, Eden and Foias [EF91] obtained L1,1 ď 2{p3

?
3q, and Dolbeault, Laptev, and

Loss [DLL08] extended their argument to matrix-valued potentials. Building on Ru-
min’s direct kinetic method [Rum11], Frank, Hundertmark, Jex, and Nam [FHJN21]
developed a method for improving upper bounds on the Lieb–Thirring constants.
Their work, together with Corso and Ried’s solution of the associated variational
problem [CR25], yielded the best previously known dimension-independent bound,

L1,d ď 1.44655Lcl
1,d , d ě 1 .

In every dimension, Nam [Nam18] obtained a kinetic bound with constant arbitrarily
close to the semiclassical value and a gradient error term. Seiringer and Solovej [SS23]
subsequently strengthened this estimate and substantially simplified the proof.

Benguria and Loss [BL04] connected the two-eigenvalue problem with the so-called
ovals conjecture, a spectral isoperimetric problem for closed plane curves. This con-
jecture has been studied in [BT05, Lin06, Den15, BM15, Lin25]. Our proof extends
the one-eigenvalue argument of Benguria and Loss, based on a change to cumulative



THE SHARP ONE-DIMENSIONAL LIEB–THIRRING INEQUALITY 3

mass coordinates, to orthonormal families of arbitrary finite size, retaining the sharp
constant.

We further extend the kinetic inequality to vector-valued orthonormal families. By
duality [DLL08], this gives the one-dimensional Lieb–Thirring inequality for operator-
valued potentials, with the same sharp constant. For d ě 2, we apply this estimate in
one coordinate and the sharp γ “ 3{2 inequality of Laptev and Weidl [LW00] in the
remaining coordinates. Together with Theorem 1, this yields the following bound in
every dimension.

Theorem 2. For every d ě 1, we have

L1,d ď
2

?
3

Lcl
1,d .

The factor 2{
?

3 « 1.1547 improves the previous dimension-independent factor
1.44655 obtained through the contributions of Frank, Hundertmark, Jex, and Nam
[FHJN21] and Corso and Ried [CR25].

Section 2 proves Theorem 1 by extending the cumulative mass argument to finite
orthonormal families. Section 3 establishes the vector-valued extension and derives
Theorem 2 by dimension lifting.

2. Proof of Theorem 1

In this section, we work with real-valued functions. By the standard duality be-
tween the spectral and kinetic Lieb–Thirring inequalities [Sch22, Section 2], Theorem 1
follows from the following proposition.

Proposition 3. Let N be a positive integer and let u1, . . . , uN P H1pRq be real-valued
and orthonormal in L2pRq. Then

N
ÿ

j“1

ż

R
pu1

jq
2 dx ě

π2

4

ż

R

˜

N
ÿ

j“1
u2

j

¸3

dx . (2.1)

We first derive Theorem 1 from this proposition. We then recall the cumulative
mass argument of Benguria and Loss and extend its local form to orthonormal families,
proving the proposition at the end of the section.

Proof of Theorem 1. Applying Proposition 3 to finite orthonormal families of real
eigenfunctions corresponding to negative eigenvalues gives the stated bound by the
standard duality. Sharpness follows from the equality case stated in the introduc-
tion. □

The scalar case. For N “ 1, fix a real u P H1pRq with }u}2 “ 1. The bound is the
sharp inequality of Sz.-Nagy [SzN41],

ż

R
pu1

q
2 dx ě

π2

4

ż

R
u6 dx . (2.2)
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Benguria and Loss [BL04, Section 2] give a proof which reduces this inequality to a
Dirichlet Poincaré inequality on p0, 1q. Introduce the cumulative mass coordinate

s “ apxq “

ż x

´8

upyq
2 dy , wpsq “ upxq

2 .

By normalisation,
ap´8q “ 0 , ap`8q “ 1 , a1

“ u2 , 0 ď a ď 1 .

In these variables,
ż

R
pu1

q
2 dx “

1
4

ż 1

0
9w2 ds ,

ż

R
u6 dx “

ż 1

0
w2 ds , wp0q “ wp1q “ 0 .

Thus the Dirichlet Poincaré inequality with constant π2 gives (2.2); see [FLW22, Sec-
tion 2.5].

We use a pointwise form of the Poincaré inequality with a derivative correction that
vanishes after integration. Fix α P p0, πq and suppose that qα P C1pr0, 1s;Rq satisfies

9qα ` q2
α ď ´α2 . (2.3)

Then, for real w P H1
0 p0, 1q,

9w2
´

d
ds

pqαw2
q “ p 9w ´ qαwq

2
´ p 9qα ` q2

αqw2
ě α2w2 . (2.4)

The correction integrates to zero because wp0q “ wp1q “ 0 and qα is bounded. Hence
ż 1

0
9w2 ds ě α2

ż 1

0
w2 ds . (2.5)

We choose, here and throughout the remainder of the paper,
qαpsq “ ´α tan

`

αps ´ 1{2q
˘

, 0 ă α ă π . (2.6)
This satisfies the condition (2.3) with equality. Letting α Ò π in (2.5) proves Poincaré’s
inequality with constant π2.

Remark 4. As α Ò π, qαpsq converges on p0, 1q to π cotpπsq, the logarithmic derivative
of the first Dirichlet eigenfunction sinpπ ¨q. The approximation by bounded functions
avoids an additional endpoint argument.

Pulling (2.4) back through the change of variables of Benguria and Loss, the local
correction is

u2

4
d
ds

pqαw2
q

ˇ

ˇ

ˇ

ˇ

s“apxq

“
1
4

d
dx

`

u4qαpaq
˘

.

This gives, almost everywhere,

pu1
q

2
´ f 1

α ě
α2

4 u6 , fα “
1
4u4qαpaq . (2.7)

Since u tends to zero at both ends of the line and qα is bounded, u4qαpaq vanishes
there. Integrating and letting α Ò π proves (2.2).
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Orthonormal families. Write U “ pu1, . . . , uN qT and define the cumulative mass ma-
trix

Apxq “

ż x

´8

W pyq dy , W “ UUT .

By orthonormality,
Ap´8q “ 0 , Ap`8q “ I , A1

“ W .

For every unit vector c, the quantity c ¨Apxqc is the L2 mass of the normalised function
c ¨ U on p´8, xq. Hence

0 ď A ď I .

Generalising (2.7), we seek for any α P p0, πq a correction Fα satisfying

|U 1
|
2

´ F 1
α ě

α2

4 |U |
6 a.e. on R , lim

xÑ˘8
Fαpxq “ 0 . (2.8)

The scalar correction is quadratic in u2, so we seek a correction quadratic in W .
Equip RNˆN with the Hilbert–Schmidt inner product xB, CyHS “ TrpBTCq. To let A

act symmetrically on the two indices of W , introduce

MApBq “
1
2pAB ` BAq .

This operator is self-adjoint and preserves symmetric matrices. If Aei “ µiei in an
orthonormal basis, then eie

T
j form an orthonormal eigenbasis of MA, with eigenvalues

pµi ` µjq{2. Its spectrum lies in r0, 1s, so the spectral theorem defines qαpMAq. We
set

Fα “
1
4xW, qαpMAqW yHS . (2.9)

For N “ 1, this agrees with fα. We verify the pointwise bound by differentiating Fα,
completing the square, and using a two-point identity for qα.

In the proof of Proposition 3, we use the following Daleckii–Krein formula [DK51];
see also Bhatia [Bha07, Theorem 5.3.1].

Lemma 5 (Daleckii–Krein). Let f P C1pR;Rq. The map T ÞÑ fpT q on the self-adjoint
operators on a finite-dimensional Hilbert space is continuously differentiable. For any
self-adjoint H,

DfpT qrHs “
ÿ

µ,νPspecpT q

fpµq ´ fpνq

µ ´ ν
PµHPν .

Here Pµ is the spectral projection associated to µ, and the quotient is interpreted as
f 1pµq when µ “ ν.

Proof of Proposition 3. Fix α P p0, πq and retain the definitions above. Since U P

H1pR;RN q, the matrix W is continuous and locally absolutely continuous, and A P C1

with A1 “ W . After extending qα from r0, 1s to a C1 function on R, Lemma 5 shows



6 LARRY READ AND MARVIN R. SCHULZ

that Fα is locally absolutely continuous. The following differentiations are therefore
valid almost everywhere.

Set B “ qαpMAqW . The product rule and self-adjointness of qαpMAq give

F 1
α “

1
2xW 1, ByHS `

1
4

B

W,

ˆ

d
dx

qαpMAq

˙

W

F

HS
.

Since W 1 “ U 1UT ` UpU 1qT and B is symmetric,
1
2xW 1, ByHS “

1
2
`

U 1
¨ BU ` U ¨ BU 1

˘

“ U 1
¨ BU .

Thus

F 1
α “ U 1

¨ BU `
1
4

B

W,

ˆ

d
dx

qαpMAq

˙

W

F

HS
.

To prove the pointwise inequality in (2.8), we complete the square:

|U 1
|
2

´ F 1
α “

ˇ

ˇ

ˇ

ˇ

U 1
´

1
2BU

ˇ

ˇ

ˇ

ˇ

2

´
1
4

ˆ

|BU |
2

`

B

W,

ˆ

d
dx

qαpMAq

˙

W

F

HS

˙

.

(2.10)

It remains to control the expression in brackets.
At a fixed point x P R, choose an orthonormal eigenbasis Aei “ µiei and put

sij “ pµi ` µjq{2. The matrices Eij “ eie
T
j form an orthonormal eigenbasis of MA

with eigenvalues sij, and Wij “ pei ¨ Uqpej ¨ Uq. Thus

qαpMAqEij “ qαpsijqEij , B “
ÿ

i,j

qαpsijqWijEij .

In particular,
Bij “ qαpsijqWij .

We first expand the square term,
|BU |

2
“ TrpBWBq “

ÿ

i,j,k

BijWjkBki “
ÿ

i,j,k

WijWjkWkiqαpsijqqαpskiq .

Write qαrs, ts “ pqαpsq ´ qαptqq{ps ´ tq, with qαrs, ss “ 9qαpsq. We apply Lemma 5
with T “ MA and H “ MW . Since

MW pEijq “
1
2
ÿ

k

`

WkiEkj ` WjkEik

˘

,

the formula gives

DqαpMAqrMW sEij “
1
2
ÿ

k

`

qαrskj, sijsWkiEkj ` qαrsik, sijsWjkEik

˘

.
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Using W “
ř

i,j WijEij and pairing with W , we obtain
B

W,

ˆ

d
dx

qαpMAq

˙

W

F

HS
“

1
2
ÿ

i,j,k

WijWjkWki

`

qαrskj, sijs ` qαrsik, sijs
˘

“
ÿ

i,j,k

WijWjkWkiqαrsij, skis .

Indeed, interchanging i and j in the first sum makes the two contributions equal, using
symmetry of W and of the divided difference. Substituting into (2.10) and discarding
the non-negative square, we obtain

|U 1
|
2

´ F 1
α ě ´

1
4
ÿ

i,j,k

WijWjkWki

`

qαpsijqqαpskiq ` qαrsij, skis
˘

. (2.11)

Observe that
WijWjkWki “ pei ¨ Uq

2
pej ¨ Uq

2
pek ¨ Uq

2
ě 0 ,

ÿ

i,j,k

WijWjkWki “ TrpW 3
q “ |U |

6 .

Thus, to prove the pointwise inequality in (2.8), it suffices to show that
qαpsqqαptq ` qαrs, ts ď ´α2 for all s, t P r0, 1s . (2.12)

For s ‰ t, set X “ αps ´ 1{2q, Y “ αpt ´ 1{2q and z “ X ´ Y . The trigonometric
addition formulas give

qαpsqqαptq ` qαrs, ts ` α2
“

α2

cos X cos Y

ˆ

cos z ´
sin z

z

˙

. (2.13)

Here cos X cos Y ą 0 and |z| ď α ă π. Since
d
dz

psin z ´ z cos zq “ z sin z ě 0 p0 ď z ă πq ,

we have z cos z ď sin z for 0 ă z ă π. By evenness, the right-hand side of (2.13) is
non-positive. The identity extends to the diagonal by continuity, proving (2.12). Since
every sij belongs to r0, 1s, inserting (2.12) into (2.11) gives

|U 1
|
2

´ F 1
α ě

α2

4 |U |
6 .

Integrating the above over p´Λ, Λq and using the local absolute continuity of Fα,
we obtain

ż Λ

´Λ
|U 1

|
2 dx ´ FαpΛq ` Fαp´Λq ě

α2

4

ż Λ

´Λ
|U |

6 dx .

To show that FαpΛq and Fαp´Λq go to zero as Λ Ñ 8, we use

|Fα| ď
1
4}qα}L8p0,1q}W }

2
HS “

1
4}qα}L8p0,1q|U |

4 .
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Since U P H1pR;RN q, it is bounded, and p|U |2q1 “ 2U ¨ U 1 P L1 gives limits of |U |2 at
both ends, necessarily zero because |U |2 P L1. Thus Fαp˘8q “ 0, and both |U |6 and
|U 1|2 are integrable. Letting Λ Ñ 8 and then α Ò π gives (2.1),

ż

R
|U 1

|
2 dx ě

π2

4

ż

R
|U |

6 dx . □

Remark 6. Proposition 3 admits a matrix analogue of the Benguria–Loss Poincaré
formulation. Put S “ MA and choose a symmetric matrix H satisfying HU “ 2U 1

almost everywhere, setting H “ 0 where U “ 0. Then
W 1

“ S 1H , S 1
“ MW , Sp´8q “ 0 , Sp`8q “ I .

Thus dW “ pdSqH replaces the scalar relation dw “ 9w ds. Moreover,
xH, S1HyHS “ 4|U 1

|
2 , xW, S 1W yHS “ |U |

6 .

Consequently, the proposition is equivalent to
ż

R
xH, pdSqHyHS ě π2

ż

R
xW, pdSqW yHS , W p˘8q “ 0 ,

where integration against dS means integration against S1pxq dx. For N “ 1, S “ a

and H “ 9w, so this is precisely the Dirichlet Poincaré inequality on p0, 1q. The matrix
formulation uses the compatibility W “ UUT and dS “ MW dx.

3. Proof of Theorem 2

We now extend the one-dimensional Lieb–Thirring inequality to vector-valued or-
thonormal families, retaining the sharp constant. As in Section 2, we state the equiv-
alent kinetic formulation:

Proposition 7. Let N, m be positive integers and let u1, . . . , uN P H1pR;Rmq be
orthonormal in L2pR;Rmq. Define the non-negative density matrix

Rpxq “

N
ÿ

j“1
ujpxqujpxq

T .

Then
N
ÿ

j“1

ż

R
|u1

jpxq|
2 dx ě

π2

4

ż

R
Tr Rpxq

3 dx .

The proof of Proposition 7 is given in Subsection 3.1. We first derive Theorem 2 by
the standard lifting argument [LW00, DLL08].

Proof of Theorem 2. For d “ 1, the assertion is Theorem 1. By the standard duality
[DLL08, Section 3] and finite-dimensional approximation as in [LW00, Section 2.3],
Proposition 7 gives the operator-valued Lieb–Thirring inequality

Tr
ˆ

´
d2

dx2 b IH ´ V
˙

´

ď
4

3
?

3π

ż

R
TrH Vpxq

3{2 dx , (3.1)
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for strongly measurable non-negative compact operator-valued potentials V on a sep-
arable real Hilbert space H with

ş

R TrH Vpxq3{2 dx ă 8.
For d ě 2, take H “ L2pRd´1;Rq and Vpx1q “ p´∆d´1 ´ V`px1, ¨qq´. The standard

lifting argument [LW00] combines (3.1) with the sharp γ “ 3{2 inequality in the
remaining coordinates and gives

L1,d ď
4

3
?

3π
Lcl

3{2,d´1 “
2

?
3

Lcl
1,d . □

3.1. The vector-valued extension. In this subsection we prove Proposition 7. As
in Section 2, the scalar case, we want a bound for the remainder coming from the
completion of the square argument. We state this as an auxiliary lemma below.

Lemma 8. Let α P p0, πq, let P be a real symmetric non-negative N ˆ N matrix and
let µ P r0, 1sN . For sij “ pµi ` µjq{2, we have

GαpP, µq “ ´

N
ÿ

i,j,k“1
PijPjkPki

“

α2
` qαpsijqqαpskjq ` qαrsij, skjs

‰

ě 0 .

Recall that qα was already fixed in (2.6) and that qαrs, ts “ pqαpsq ´ qαptqq{ps ´ tq,
with qαrs, ss “ 9qαpsq. The proof of Lemma 8 is the content of Subsection 3.2. Assuming
it for now, we give the following:

Proof of Proposition 7. Let U P RNˆm have rows uT
j and set

W “ UUT , Apxq “

ż x

´8

W pyq dy , R “ UTU .

By orthonormality,
A1

“ W , Ap´8q “ 0 , Ap`8q “ I , 0 ď A ď I .

Fix α P p0, πq and take the same correction as in (2.9),

Fα “
1
4xW, qαpMAqW yHS .

At a fixed point, let µi be the eigenvalues of A and set sij “ pµi ` µjq{2. Express W

in an orthonormal eigenbasis of A, and write B “ qαpMAqW . Completing the square
as in (2.10), the same calculation from Section 2, with indices relabelled, gives

}U 1
}

2
HS ´ F 1

α ´
α2

4 Tr W 3
“

›

›

›

›

U 1
´

1
2BU

›

›

›

›

2

HS

´
1
4

N
ÿ

i,j,k“1
WijWjkWki

“

α2
` qαpsijqqαpskjq ` qαrsij, skjs

‰

ě 0 .

(3.2)

The differentiation uses W 1 “ U 1UT `UpU 1qT and does not require rank one. Lemma 5
justifies it almost everywhere and gives local absolute continuity of Fα; the cubic
remainder is GαpW, µq{4, which is non-negative by Lemma 8.
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As in Section 2, U is bounded and tends to zero at both ends of the line, and

|Fα| ď
1
4}qα}8}W }

2
HS ď

1
4}qα}8}U}

4
HS .

Integrating (3.2) and letting α Ò π proves the assertion, since Tr W 3 “ Tr R3 and
}U 1}2

HS “
ř

j |u1
j|2. □

3.2. Lower bound on the remainder. For convenience let us introduce the auxil-
iary functions

hptq “
sin t

t
´ cos t and gpx, yq “ cospx ` yqhpx ´ yq .

Equipped with these functions we give a proof of Lemma 8.

Proof of Lemma 8. Fix α, P and µ as in the statement, and put

θi “
α

2

ˆ

µi ´
1
2

˙

, Cij “
Pij

cospθi ` θjq
.

By (2.13),

α2
` qαpsijqqαpskjq ` qαrsij, skjs “ ´

α2hpθi ´ θkq

cospθi ` θjq cospθk ` θjq
,

and hence
GαpP, µq “ α2

ÿ

i,k

pC2
qikCkigpθi, θkq . (3.3)

The matrix C is non-negative. Indeed, let D “ diagppcos θiq
´1q and T “ diagptan θiq.

The cosine addition formula gives
C ´ TCT “ DPD ě 0 .

If ν is the smallest eigenvalue of C and v is a corresponding unit eigenvector, then
C ě νI and

ν “ xv, Cvy ě xTv, CTvy ě ν}Tv}
2 .

Since |θi| ă π{4, we have }T } ă 1, and therefore ν ě 0.
For real numbers σ1, . . . , σN , set Kik “ pσi ´ σkq2Cik. We claim that

ÿ

i,k

pC2
qikCkipσi ´ σkq

4
“ 2 TrpCK2

q “ 2}C1{2K}
2
HS ě 0 . (3.4)

To verify the first equality, write
TrpCK2

q “
ÿ

i,j,k

CijCjkCkipσj ´ σkq
2
pσk ´ σiq

2 .

For a “ σi ´ σj, b “ σj ´ σk and c “ σk ´ σi, the relation a ` b ` c “ 0 implies
a4

` b4
` c4

“ 2pa2b2
` b2c2

` c2a2
q .

Multiply by CijCjkCki and sum over i, j, k. Cyclic relabelling makes the three sums on
each side equal, giving (3.4). The second equality follows from KT “ K and C ě 0.
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Assume for the moment that gpθi, θkq “ |vi ´ vk|4 for some vectors v1, . . . , vN P Rm.
We prove their existence in Lemma 9 at the end of this section. For z P Rm, rotational
invariance gives

ż

Sm´1
pω ¨ zq

4 dω “ cm|z|
4, cm “

3|Sm´1|

mpm ` 2q
.

Here dω is surface measure; when m “ 1, the integral is the sum over t´1, 1u and
c1 “ 2. Put

Kpωqik “ pω ¨ vi ´ ω ¨ vkq
2Cik .

Equations (3.3) and (3.4) now give

GαpP, µq “
2α2

cm

ż

Sm´1
Tr
`

CKpωq
2˘ dω ě 0 . □

Lemma 9. Let x1, . . . , xN P p´π{4, π{4q. Then there exist an integer m ě 1 and
vectors v1, . . . , vN P Rm such that

gpxi, xjq “ |vi ´ vj|
4, 1 ď i, j ď N .

Proof of Lemma 9. Set rpx, yq “
a

gpx, yq. The function h is even and

hptq “
1
t

ż t

0
s sin s ds ą 0, 0 ă t ď π{2 ,

so r is well defined on p´π{4, π{4q2. Put

Dpxq “
2
a

cosp2xq
?

3
, Kpx, yq “ ´BxByrpx, yq px ‰ yq .

Since hptq{t2 extends to a smooth even function with value 1{3 at zero, K extends
continuously across the diagonal with Kpx, xq “ 0, and

lim
yÒx

Bxrpx, yq “
Dpxq

2 .

For y ă x, integration in the second variable gives

Bxrpx, yq “
Dpxq

2 `

ż x

y

Kpx, tq dt .

Integrating in the first variable, using rpy, yq “ 0 and the symmetry of K, yields

rpx, yq “
1
2

ż x

y

Dpsq ds `
1
2

ż x

y

ż x

y

Kps, tq dt ds . (3.5)

On the real vector space of compactly supported step functions on p´π{4, π{4q,
identified up to equality almost everywhere, define

Bpf1, f2q “
1
2

ż π{4

´π{4
Dpsqf1psqf2psq ds `

1
2

ĳ

p´π{4,π{4q2

Kps, tqf1psqf2ptq ds dt .

We first prove that this symmetric bilinear form is positive definite.
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Integration by parts gives, for 0 ă t ď π{2,

0 ă hptq “
t2

2

ż 1

0
p1 ´ u2

q cosptuq du ď
t2

3 ,

0 ď
2
t

´
h1ptq

hptq
“

t

4

ş1
0p1 ´ u2q2 cosptuq du
ş1

0p1 ´ u2q cosptuq du
ď

t

4 .

Here 0 ď 1 ´ u2 ď 1 and cosptuq ě 0. Thus 0 ă h1{h ď 2{t and

0 ď
4
t2 ´

ˆ

h1ptq

hptq

˙2

“

ˆ

2
t

´
h1ptq

hptq

˙ˆ

2
t

`
h1ptq

hptq

˙

ď 1 .

Using h2 “ p2{t2 ´ 1qh and writing t “ |x ´ y| ą 0, differentiation gives

Kpx, yq “
rpx, yq

4

«

tan2
px ` yq `

4
t2 ´

ˆ

h1ptq

hptq

˙2
ff

.

Consequently,

0 ď Kpx, yq ď
t

4
?

3 cos3{2px ` yq
ď

π

8
?

3
| sinpx ´ yq|

cos3{2px ` yq
.

The last inequality uses t ď pπ{2q sin t for 0 ď t ď π{2; the bounds also hold on the
diagonal.

For fixed x P p´π{4, π{4q, put

wpxq “ cosp2xq
´3{4, Jxpyq “

cos1{4p2yq
a

cospx ` yq
.

Differentiation yields

J 1
xpyq “

wpyq sinpx ´ yq

2 cos3{2px ` yq
, Kpx, yqwpyq ď

π

4
?

3
|J 1

xpyq| .

The function Jx vanishes at both endpoints, increases for y ă x and decreases for
y ą x. Hence

ż π{4

´π{4
|J 1

xpyq| dy “ 2Jxpxq “ 2 cosp2xq
´1{4 ,

where the integrals are limits over interior intervals. We conclude that
ż π{4

´π{4
Kpx, yqwpyq dy ď

π

2
?

3
cosp2xq

´1{4
“

π

4 Dpxqwpxq . (3.6)

By symmetry of K and the inequality

2|fpxqfpyq| ď fpxq
2 wpyq

wpxq
` fpyq

2 wpxq

wpyq
,
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the estimate (3.6) implies
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ĳ

p´π{4,π{4q2

Kpx, yqfpxqfpyq dx dy

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ż π{4

´π{4

fpxq2

wpxq

˜

ż π{4

´π{4
Kpx, yqwpyq dy

¸

dx

ď
π

4

ż π{4

´π{4
Dpxqfpxq

2 dx .

Therefore

Bpf, fq ě
1
2

´

1 ´
π

4

¯

ż π{4

´π{4
Dpxqfpxq

2 dx .

Since D ą 0 and π{4 ă 1, the form B is positive definite.
Finally, let x˚ “ mini xi and χi “ 1px˚,xis. Equation (3.5) and symmetry give

rpxi, xjq “ Bpχi ´ χj, χi ´ χjq .

If E “ spantχ1, . . . , χN u “ t0u, all the xi coincide, and we take m “ 1 and vi “ 0.
Otherwise, set m “ dim E, choose a B-orthonormal basis e1, . . . , em, and define vi P Rm

by

χi “

m
ÿ

ℓ“1
viℓeℓ, vi “ pvi1, . . . , vimq .

Then |vi ´vj|2 “ Bpχi ´χj, χi ´χjq “ rpxi, xjq, and squaring proves the assertion. □
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